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Abstract 
A graph is Hilbertian if for any three vertices u, v and w, the interval I(u, u) contains a unique nearest 
vertex p from w. We show that a graph is median if and only if it is Hilbertian. 
1. Introduction 
All used graphs are simple and connected. We denote by d( ZJ, u) the length of 
a shortest (u, u)-path in the graph G. The interval I( u, U) is the set of vertices of G lying 
on shortest (u, u)-paths. For any three vertices u, u and w in G, let P( u, u, w) be the set of 
vertices of 1 (u, u) which are at smallest distance from w. A graph is Hilbertian if 
1 P( u, u, w) I= 1 for any three vertices u, u and w; in this case, the unique vertex in 
P( u, u, w) is called the projection of w over the interval I( u, u). For any three vertices 
u,u and w of a graph G, we denote by I(u,u,w) the set l(u,u)nl(u,w)nl(w,u). 
A median graph is a graph such that, for any three vertices u,u and w, we have 
1 l(u, u, w) I= 1; the unique vertex lying simultaneously on a shortest (a, u)-path, a shor- 
test (u, w)-path and a shortest (w, u)-path is called the median of u, u and w. All trees 
and all hypercubes are median graphs. The hypercube of dimension n is the graph 
which has as vertices the elements of the n dimensional vector space over (0, l}, two 
vertices being adjacent if and only if they differ in exactly one coordinate. There is 
a close relationship between median graphs and some algebraic structures ([2,4]). 
Any median graph can be obtained from a median graph with fewer vertices by an 
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expansion procedure (Mulder, [4]); a consequence is that a median graph can be 
embedded in a hypercube as a distance-preserving ‘median closed’ subgraph. Various 
characterizations of median graphs are in the literature ([ 1,2,4,5-J); our characteriza- 
tion involving projections over intervals shows that a graph is median if and only if it 
is Hilbertian. 
2. Characterization of median graphs 
Some properties of Hilbertian graphs may be found in [3]. The basic one is the 
following. 
Proposition 1 (Berrachedi [3]). A Hilbertian graph is bipartite. 
Proof. Let G be a nonbipartite Hilbertian graph and let C be an odd cycle in G of 
smallest length (say 2k-l), C=uluZ “‘u&+l “‘uZk_iul, so /(uk,uk+l)={uk,uk+i} 
and d(ul,Uk)=d(U1,Uk+l)=k-l. Contradiction. 0 
Proposition 2 (Mulder [4]). Let G be a connected triangle-free graph, if 1 E( u, v, w) I= 1 
for any three vertices u, v and w such that d(u, v)=2, then G is a median graph. 
Theorem. For every graph G, the following assertions are equivalent: 
(i) G is Hilbertiun. 
(ii) G is median. 
We use the following two lemmas and the above propositions to prove the theorem. 
Lemma 1. For every graph G, I( u, v, w) E P( u, v, w) for any three vertices u, v and w of 
G. Moreover we have equality if l(u, v, w) #@. 
Proof. Let x be a vertex of G in I(u, v, w) such that x#P(u, v, w) and let t be a vertex in 
P( u, u, w). Thus d( t, w) < d( x, w), so: 
d(w,t)+d(t,u)ad(w,u)=d(w,x)+d(x,u)>d(w,t)+d(x,u) 
and then d( t, u) > d(x, u). Similarly: d( t, v) > d(x, v). Hence, 
d(u,v)=d(u,t)+d(t,v)>d(u,x)+d(x,v)=d(u,v); 
a contradiction. 
Suppose now E(u, u, w)#0 and prove that P(u, u, w) c I(u, u, w). If not, choose 
a vertex teP(u, v, w) and t$l(u, u, w); let m be a vertex in I(u, v, w), from the first part, 
mU(u,v,w), so d(t,w)=d(m,w); tEl(u,v) and t#l(u,v,w), hence t$l(u,w)nl(v,w); 
without loss of generality, we may assume that t#l(u, w), so 
d(w,t)+d(t,u)>d(w,u)=d(w,m)+d(m,u)=d(m,u)+d(t,w), 
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resulting in d( c, u) > d( m, u). In other way: 
d(w,t)+d(t,o)~d(w,u)=d(w,m)+d(m,u)=d(w,t)+d(m,u), 
so d(t,o)>d(m,u); then we have 
d(u,u)=d(u,t)+d(t,u)>d(u,m)+d(m,u)=d(u,u). 
A contradiction. 0 
Lemma 2. If G is Hilbertian, then l(u, u, w) #@ for any three vertices u, u and w such that 
d(u,u)=2. 
Proof. Let u, u and w be three vertices of a Hilbertian graph such that d(u, u) = 2 and 
Z(u, u, w) = 0; let t be the unique vertex of P (u, u, w). If t # u and t # u, then 
d(w,t)<d(w,u)dd(w,t)+d(t,u)=d(w,t)+l, 
so that d(w,u)=d(w,t)+l; thus tEE(u,w); similarly tEl(u,w), then tel(u,u,w), a con- 
tradiction. Then necessarily t = u or t = u. Without loss of generality, we assume t = u; 
thus u~l(u,w)nZ(u,u) and l(u,v,w)=$ then u$l(u,w) and 
d(u,w)<d(o,w)<d(u,u)+d(u,w)=2+d(u,w), 
hence d( w, u) = d( u, w) + 1; in this case, consider C1 a shortest (u, w)-path, Cz a shortest 
(w, u)-path and C3 a shortest (u, u)-path; the closed path C1 u Cz u C3 has length: 
d(u,w)+d(w,u)+d(u,u)=d(u,w)+(d(u,w)+1)+2=2d(u,w)+3, 
then contains an odd cycle. This is a contradiction because G is bipartite. 0 
Proof of the theorem. (i) *(ii) Let u,u and w be three vertices of a Hilbertian 
graph G such that d(u, u)= 2; from Lemma 2, I(u, u, w) #0, and from Lemma 1, 
I(u,u,w)=P(u,u,w), then l=JP(u,u,w)l=IE( u, u, w) I. Since G is triangle free because 
G is bipartite, it follows from Proposition 2 that G is a median graph. 
(ii) =S (i) Let u, u and w be three vertices of a median graph G, so I(u, u, w) # 0, from 
Lemma 1, we have 1(u,u,w)=P(u,u,w), thus 1=~l(u,u,w)~=lP(u,u,w)l, then G is 
a Hilbertian graph. 0 
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